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Recap: Suffix Array and LCP-Array
GBS92 MM93 1 2 3 4 5 6 7 8 9 10 11 12 13
Given a text T of length n, the (SA) is a T ababocabocabba
permutation of [1..n], such that for i < j € [1..n]
SA 13121 9 6 3 11 2 10 7 4 8 5
T[SA[]]..n] < T[SA[]..n] ICPO O 12250211 40
$ a-a a a a b bbb b c c
$ bbb b aa b c c a a
Given a text T of length n and its SA, the g g g g 0 2 2 3 g E 2
is defined as c $ b b a b c a a
a b c b a a $ b
0 f=1 b a a c $ b b
’ c $ b a b a
LCP[i] = { max{¢: T[SA[]]..SA[i] + ¢) = a b b a $
T[SAli — 1]..8A[i — 1] + )} i #1 b : ° $
a $
$
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Why Compression

Types of Compression

® |ossy compression
@ audio, video, pictures, . ..

® |ossless compression
@ audio, text, . ..
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Why Compression

Types of Compression

4/24

® |ossy compression
@ audio, video, pictures, . ..

® |ossless compression
@ audio, text, . ..

® only interested in lossless compression
& faster data transfer

® cheaper storage costs

® “‘compress once, decompress often”
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Types of Compression
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® |ossy compression
@ audio, video, pictures, . ..
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® only interested in lossless compression
a faster data transfer

® cheaper storage costs

® “‘compress once, decompress often”
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Types of Text-Compression

® entropy coding @ compress characiers

® dictionary compression @ compress substings
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Why Compression

Types of Compression Types of Text-Compression

4/24

® |ossy compression
@ audio, video, pictures, . ..

® |ossless compression
@ audio, text, . ..

® only interested in lossless compression
a faster data transfer

® cheaper storage costs

® “‘compress once, decompress often”
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® entropy coding ® compress characters
& dictionary compression @ compress substings
e ..

This Lecture

® measure compressibility

a different compression algorithms
@ both types

® space/time requirements of compression
algorithms

® make use of known concepts

Institute of Theoretical Informatics, Algorithm Engineering
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k-th Order Empirical Entropy [KM99] (1/2)

Definition: Histogram

Given a text T of length n over an alphabet of size o,
a histogram Hist[1..0] is defined as

Histli] = [{j € [1,n]: T[] = 7}
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k-th Order Empirical Entropy [KM99] (1/2)

Definition: Histogram

Given a text T of length n over an alphabet of size o,
a histogram Hist[1..0] is defined as

Histli] = [{j € [1,n]: T[] = 7}

Definition: 0-th Order Empirical Entropy

Given a text T of length n over an alphabet
Y = [1,0] and its histogram Hist, then

Ho(T) = (1/n) Z Hist[i] \g(n/ Hist[i])
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k-th Order Empirical Entropy [KM99] (1/2)

Definition: Histogram

Given a text T of length n over an alphabet of size o,
a histogram Hist[1..0] is defined as

Histli] = [{j € [1,n]: T[] = 7}

Definition: 0-th Order Empirical Entropy

Given a text T of length n over an alphabet
Y = [1,0] and its histogram Hist, then

Ho(T) = (1/n) Z Hist[i] \g(n/ Hist[i])

5/24 2023-11-20 Florian Kurpicz | Text Indexing | 05 Text-Compression

® T — abbaaacaaba$
|n=12

® Histla] =7

a Hist[b] =3

u Hist[c] =1

u Hist[$] =1
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k-th Order Empirical Entropy [KM99] (1/2)

Definition: Histogram

Given a text T of length n over an alphabet of size o,
a histogram Hist[1..0] is defined as
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k-th Order Empirical Entropy [KM99] (1/2)

Definition: Histogram

Given a text T of length n over an alphabet of size o,
a histogram Hist[1..0] is defined as

Histli] = [{j € [1,n]: T[] = 7}

Definition: 0-th Order Empirical Entropy

Given a text T of length n over an alphabet
Y = [1,0] and its histogram Hist, then

Ho(T) = (1/n) Z Hist[i] \g(n/ Hist[i])
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@ T — abbaaacaaba$

|n=12

® Hist[a] =7

a Hist[b] =3

w Hist[c] =1

® Hist[$] =1

w Hy(T)=(1/12)(71g(12/7)+ 31g(12/3) +

1lg(12/1) +11g(12/1)) ~ 1.55
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k-th Order Empirical Entropy (2/2)
Given a text T over an alphabet ¥ and a string
Se Zk, TS the concatenation of all characters that Given a text T of |ength nover an a|phabet
occur in T after S in text order Y = [1,0] and its histogram Hist, then
® T = abcdabceabcd Hk = (1/n) Z [Ts| - Ho(Ts)
® S = abc Sexk
B g = ded
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k-th Order Empirical Entropy (2/2)

Given a text T over an alphabet ¥ and a string
S € YX, Ts the concatenation of all characters that
occur in T after S in text order

® T = abcdabceabcd
® S =abc
® Tg = ded
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Given a text T of length n over an alphabet
Y = [1,0] and its histogram Hist, then

Hi = (1/n) > |Ts| - Ho(Ts)

Sexk

a Eﬁi PINGO can we describe a property of Hy
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Example for k-th Order Empirical Entropy [Kur20]
Name g n Ho H, H> Hs
Commoncrawl 243 196,885,192,752 6.19 449 252 208
DNA 4 218,281,833,486 199 197 196 1.95
Proteins 26 50,143,206,617 421 420 419 4.17
Wikipedia 213 246,327,201,088 538 4.15 3.05 2.33
SuffixArrayCC n 137,438,953472 37(=lgn) 0 0 O
RussianWordBased 29263 9,232,978,762 10.93 — — —
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Example for k-th Order Empirical Entropy [Kur20]
Name g n Ho H, H> Hs
Commoncrawl 243 196,885,192,752 6.19 449 252 208
DNA 4 218,281,833,486 199 197 196 1.95
Proteins 26 50,143,206,617 421 420 419 4.17
Wikipedia 213 246,327,201,088 538 4.15 3.05 2.33
SuffixArrayCC n 137,438,953472 37(=lgn) 0 0 O
RussianWordBased 29263 9,232,978,762 10.93 — — —

® does not measure repetitions well
@ there are other measuresé&
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Huffman Coding [Huf52] A“(IT

® idea s to create a binary tree

® each character « is a leaf and has weight {a,b,c}: 7

Hist[c] yd
® create node for two nodes without parent with / L
smallest weight {a b}

}
& give new node total weight of children / N\
@ repeat until only one node without parent

remains {a} ;/3 {}}: 1 {c}:3

® |abel edges:

@ |eft edge: 0
® right edge: 1

® path to children gives code for character
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Huffman Coding [Huf52]

® dea is to create a binary tree

® each character « is a leaf and has weight
Hist[a]

® create node for two nodes without parent with
smallest weight

& give new node total weight of children

@ repeat until only one node without parent
remains

® |abel edges:

@ |eft edge: 0
® right edge: 1

® path to children gives code for character
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T = cbcacaa

o \
-
{a,b}: 4 1
TR

/
0

1
/
{a}: 3 {E}:1 {c}:3

® codes are variable length and prefix-free
& tree/dictionary needed for decoding

Institute of Theoretical Informatics, Algorithm Engineering



Canonical Huffman Coding

& start with Huffman codes, code word 0, and
length 1

® to get canonical code for current length, then
add 1 to code word

® to update length add 1 and append required
amount of zeros to code word
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Canonical Huffman Coding

& start with Huffman codes, code word 0, and
length 1

® to get canonical code for current length, then
add 1 to code word

® to update length add 1 and append required
amount of zeros to code word
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Continue From Last Slide

® length 1: c
® |length 2: a,b
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Canonical Huffman Coding

& start with Huffman codes, code word 0, and
length 1

® to get canonical code for current length, then
add 1 to code word

® to update length add 1 and append required
amount of zeros to code word
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Continue From Last Slide

® length 1: c
® |length 2: a,b
& start with 0 — code for c
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Canonical Huffman Coding

& start with Huffman codes, code word 0, and
length 1

® to get canonical code for current length, then
add 1 to code word

® to update length add 1 and append required
amount of zeros to code word
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Continue From Last Slide

® length 1: c

® |length 2: a,b

& start with 0 — code for c
® add 1 and append 0
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Canonical Huffman Coding

& start with Huffman codes, code word 0, and
length 1

® to get canonical code for current length, then
add 1 to code word

® to update length add 1 and append required
amount of zeros to code word
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Continue From Last Slide

® length 1: c

® |length 2: a,b

& start with 0 — code for c
® add 1 and append 0

® 10 — code for a
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Canonical Huffman Coding

& start with Huffman codes, code word 0, and
length 1

® to get canonical code for current length, then
add 1 to code word

® to update length add 1 and append required
amount of zeros to code word
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Continue From Last Slide

® length 1: c

® |length 2: a,b

& start with 0 — code for c
® add 1 and append 0

® 10 — code for a

® add 1
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Canonical Huffman Coding

& start with Huffman codes, code word 0, and
length 1

® to get canonical code for current length, then
add 1 to code word

® to update length add 1 and append required
amount of zeros to code word
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Continue From Last Slide

length 1: ¢

length 2: a,b

start with 0 — code for ¢
add 1 and append 0

10 — code for a

add 1

11 — code for b
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Canonical Huffman Coding

® start with Huffman codes, code word 0, and Continue From Last Slide

length 1 ® length 1: c
® to get canonical code for current length, then length 2: a,b

add 1 to code word start with 0 — code for ¢
® to update length add 1 and append required add 1 and append 0
amount of zeros to code word
10 — code for a

add 1
11 — code for b

® all codes of same length are increasing

@ required for Huffman-shaped wavelet trees
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Canonical Huffman Coding

Continue From Last Slide

& start with Huffman codes, code word 0, and

length 1 ® length 1: c
to get canonical code for current length, then ® length 2: a,b
add 1 to code word ® start with 0 — code for ¢
to update length add 1 and append required ® add 1 and append 0
amount of zeros to code word

® 10 — code for a
all codes of same length are increasing ® add 1

® 11 — code for b

required for Huffman-shaped wavelet trees
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& still variable length and prefix-free

@ instead of tree only require lengths’ of codes

and corresponding characters
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Canonical Huffman Coding

Continue From Last Slide

& start with Huffman codes, code word 0, and

length 1 ® length 1: c
to get canonical code for current length, then ® length 2: a,b
add 1 to code word ® start with 0 — code for ¢
to update length add 1 and append required ® add 1 and append 0
amount of zeros to code word

® 10 — code for a
all codes of same length are increasing ® add 1

® 11 — code for b

required for Huffman-shaped wavelet trees

5 PINGO what are some advantages of
canonical Huffman codes?
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& still variable length and prefix-free

@ instead of tree only require lengths’ of codes

and corresponding characters
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Shannon-Fano Coding [Fan49; Sha48]

® given a text T of length n over an alphabet ¥
and its histogram hist

® each character a € X receives a code of length
lo = [lg His?[aﬂ
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Shannon-Fano Coding [Fan49; Sha48] A“(IT

® given a text T of length n over an alphabet ¥
and its histogram hist

® each character a € X receives a code of length
lo = [lg His?[aﬂ

@ show that there always exists such a code

® assume a complete binary tree of depth
lmax = Maxqeyx £, with all free nodes

@ |eft edges labeled 0, right edges labeled 1

@ characters ordered by frequency
(b=l > >4,)

® assign characters the leftmost free node
® mark all nodes above and below as non-free
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Shannon-Fano Coding [Fan49; Sha48] ﬂ(IT

® given a text T of length n over an alphabet ¥

and its histogram hist ® a code /,, marks 2‘mx—%a nodes
® each character o € X receives a code of length ® total number of marked leafs is
lo = [lg His?[aﬂ

Z 2£max7(a — 2‘€ma>< Z 27‘601

@ show that there always exists such a code aex acx .
. _ 2€max Z 2*|—|g W-\
® assume a complete binary tree of depth =
lmax = Maxqeyx £, with all free nodes o n
. < 2fme " o7 ARl
@ |eft edges labeled 0, right edges labeled 1 - =
® characters ordered by frequency s Hist[a]
(b1 2l >---2>4;) B ;: n
® assign characters the leftmost free node — plmx

® mark all nodes above and below as non-free
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Optimality of Both

® H, gives average number of bits needed to
encode character

® nH,(T) is lower bound for compression without
context
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Optimality of Both

® H, gives average number of bits needed to
encode character

® nH,(T) is lower bound for compression without
context

® one can show that no fixed-letter code can be
better than Huffman

® Shannon-Fano codes can be slightly longer
than Huffman

& even Shannon-Fano achieves Hp-compression
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Optimality of Both

® H, gives average number of bits needed to

encode character ® |et T be a text of length n over an alphabet >
® nH,(T) is lower bound for compression without with histogram Hist
context ® let Tge be the Shannon-Fano encoded text

® average length of encoded character is
® one can show that no fixed-letter code can be

better than Huff = - 0
uffman . (1/n)|Tse| = (1/n) > Hist[a][lg Hist[a]}

® Shannon-Fano codes can be slightly longer o€
than Huffman - Z Hlst[oz](Ig n_ . 1)

. . - n Hist[a]
& even Shannon-Fano achieves Hp-compression a€x
Hist[c] n Hist[c]
= Bl
g o0 Hist[a] g on
= Ho(T) +1
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Problem with the Previous Approaches

ddaddadaddaddaddaddadaddadadaddaddadaadadadaadaaadaaaaaaaaaaaaa
ddadddadddadddaddadaddaddadddaddadadaddadadaaadaadaaaaaaaaaaaaa
ddddddaddddaddddaddadaddddadadaddddddadaaddaddaadaaaadaaaaaaaaaaaaa
ddddddaddadadddaddaddddaddaadaddddadadaadadaaaadaadaaaaaaaaaaaaa
dddddadadadaadddaddadaaadddadaaaaddadadadaaaddaaaaaaaaaaaaaaaaaa
dddddddaadaddddaadaadddaddaaaaddddaaaaadddaaaaaaaaaaaaaaaaa
ddadddaddddaddadddadaddadaddaddadaddadadaaaadaaaaaaaaaaaaa
ddddddaddddaddddaddaddadddaddadaddaddaddadadaaaadaadaaaaaaaaaaaaa
ddddddaddddadddaddadddddadadaddaddddadadadadadadaadaaaadaaaaaaaaaaaaa
dddddddadadaddddadaaadddaddaaadaddaadadaaadaaaaaaaadaaaaaaaaaaa
dddddddaadadddaddadaadddaddaaadadddadadaaaadaddaaaaaaaaaaaaaaaaa

@ does not work well with repetitions
@ better encode 605 x a
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Lempel-Ziv 77 [ZL77] IT

Definition: LZ77 Factorization

Given a text T of length n over an alphabet ¥, the
LZ77 factorization is

® 3 setof zfactors fy, b, ..., f, € T, such that
@ T=ff...fandforalli€[1,z]fis

® single character not occurringin f; ... fi_1 or

® |ongest substring occurring > 2 timesin f; ... f;

13/24 2023-11-20 Florian Kurpicz | Text Indexing | 05 Text-Compression Institute of Theoretical Informatics, Algorithm Engineering



Lempel-Ziv 77 [ZL77] ﬂ(IT

Karlsruhe Institute of Technology

T = abababbbbaba$

Given a text T of length n over an alphabet ¥, the
is

® 3 setof zfactors fy, b, ..., f, € T, such that
@ T=ff...fandforalli€[1,z]fis

® single character not occurringin f; ... fi_1 or

® |ongest substring occurring > 2 timesin f; ... f;
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Lempel-Ziv 77 [ZL77] ﬂIT

Definition: LZ77 Factorization T = abababbbbaba$

Given a text T of length n over an alphabet ¥, the
LZ77 factorization is @ fi=a

® 3 setof zfactors fy, b, ..., f, € T, such that
@ T=ff...fandforalli€[1,z]fis

@ single character not occurring in f; ... fi_4 or

® |ongest substring occurring > 2 timesin f; ... f;
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Lempel-Ziv 77 [ZL77] ﬂIT

Definition: LZ77 Factorization T = abababbbbaba$

Given a text T of length n over an alphabet ¥, the
LZ77 factorization is @ fi=a

® 3 setof zfactors fy, b, ..., f, € T, such that ®f=hH
@ T=ff...fandforalli€[1,z]fis

® single character not occurringin f; ... fi_1 or

® |ongest substring occurring > 2 timesin f; ... f;

13/24 2023-11-20 Florian Kurpicz | Text Indexing | 05 Text-Compression Institute of Theoretical Informatics, Algorithm Engineering



Lempel-Ziv 77 [ZL77] IT

Definition: LZ77 Factorization T = abababbbbabas

Given a text T of length n over an alphabet ¥, the

LZ77 factorization is ®fi=a
® asetof zfactors f;, b, ..., f, € T, such that afh=b
® T=fif...f,andforalli € [1,2] fis @ f3 = abab

@ single character not occurring in f; ... fi_4 or
® |ongest substring occurring > 2 timesin f; ... f;
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Lempel-Ziv 77 [ZL77] IT

Definition: LZ77 Factorization T = abababbbbaba$

Given a text T of length n over an alphabet ¥, the

LZ77 factorization is @ fi=a ® f; = bbb
® asetof zfactors f;, b, ..., f, € T, such that afh=b
® T=fif...f,andforalli € [1,2] fis W f; = abab

@ single character not occurring in f; ... fi_4 or
® |ongest substring occurring > 2 timesin f; ... f;
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Lempel-Ziv 77 [ZL77]

Definition: LZ77 Factorization

Given a text T of length n over an alphabet ¥, the
LZ77 factorization is

® 3 setof zfactors fy, b, ..., f, € T, such that
@ T=ff...fandforalli€[1,z]fis

® single character not occurringin f; ... fi_1 or

® |ongest substring occurring > 2 timesin f; ... f;
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T = abababbbbaba$

wf=a ® f, = bbb
afHh=hH ® f; = aba
@ f; = abab
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Lempel-Ziv 77 [ZL77] ﬂIT

Definition: LZ77 Factorization T = abababbbbaba$

Given a text T of length n over an alphabet ¥, the

LZ77 factorization is @ fi=a ® f, = bbb
® asetof zfactors fi, f, ..., f, € £t such that ®f=hb @ f5 = aba
® T=ff...bandforalli€ [1,Zz] fis W f3 = abab o f5=3

@ single character not occurring in f; ... fi_4 or
® |ongest substring occurring > 2 timesin f; ... f;
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Lempel-Ziv 77 [ZL77]

T=ab bbbaba$
Given a text T of length n over an alphabet ¥, the

is .f1:a .f4:bbb
® asetof zfactors f;, f, ..., f, € £, such that ®fH=b ® f; = aba
@ T=fif...fandforallj € [1,z] fis Q3= w =%

® single character not occurringin f; ... fi_1 or
. . . . T =aaa...aa$
® |ongest substring occurring > 2 times in f; .. . f; ——

n—1 times
B fi=a
® f, —aaa...aa
n—2 times
" =%
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Representation of Factors

@ factors can be represented as tuple
(4, pi)

/=0
® factor is a single character
® encode character in p;

/>0
& factor is a length-¢; substring
a f=T[p..pi + &)
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Representation of Factors
@ factors can be represented as tuple T =ab bbbaba$
a f1 = a
V; .
(4, pi) af—b
w/i=0 w =
® factor is a single character W f, = bbb
® encode character in p; - .
/>0 5= @
Q=3

& factor is a length-¢; substring
a f=T[p..pi + &)
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Representation of Factors
@ factors can be represented as tuple T =ab bbbaba$
@ ff=a=(0,a
(4, pi) 1 (0.2)
® i =b=(0,b)
w/=0 w = = (4,1)
® factor is a single character ® f, = bbb = (3,6)
® encode character in p; . A 3’1 33
m/>0 5_aa_(7)_(’)
af=3$= (O, $)

& factor is a length-¢; substring
a f=T[p..pi + &)
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Representation of Factors
@ factors can be represented as tuple T =ab bbbaba$
@ ff=a=(0,a
(4, pi) 1 (0.2)
®f,=Db=(0,b)
w/=0 w = = (4,1)
® factor is a single character ® f, = bbb = (3,6)
® encode character in p; . A 3’1 33
m/>0 5_aa_(7)_(’)
af=3$= (O, $)

& factor is a length-¢; substring
a f=T[p..pi + &)
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Representation of Factors
@ factors can be represented as tuple T =ab bbbaba$
@ ff=a=(0,a
(4, pi) 1 (0.2)
®f,=Db=(0,b)
w/=0 w = = (4,1)
® factor is a single character ® f, = bbb = (3,6)
® encode character in p; . A 3’1 33
m/>0 5_aa_(7)_(’)
af=3$= (O, $)

& factor is a length-¢; substring
a f=T[p..pi + &)
& finding the right-most reference is har%&
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Previous and Next Smaller Values (1/2)

Let A[1..n] be an integer array, then

CIT

Karlsruhe Institute of Technology

8 9 10 11 12 13

c a b b a $

SA 13 12 1

11 2 10 7 4 8 5

Definition: Previous and Next Smaller Value 1 2 3 4
Arrays T a b a b
9
3

15/24

2023-11-20

® PSV[i] = max{j € [1,i): Alj] < Ali]}
» NSV[i] = min{j € (i, n]: Alj] < Ali]}

Florian Kurpicz | Text Indexing | 05 Text-Compression

PSV 0 0 O

NSV 2 3 oo 5

8 oo 10 11 o0 13

LCP 0 0 1 2

6
a
3
3 6 3 8 8 8 11 11
8
5

NfoOO|lw| oo o

02 1 1 4 0 3

Institute of Theoretical Informatics, Algorithm Engineering


https://kurpicz.org

Previous and Next Smaller Values (1/2)

Let A[1..n] be an integer array, then

Ui

Karlsruhe Institute of Technology

8 9 10 11 12 13

c a b b a $

SA 13 12 1

11 2 10 7 4 8 5

Definition: Previous and Next Smaller Value {2 3 4
Arrays T a b a b
9
3

In the Context of SA

15/24

® PSV[i] = max{j € [1,i): Alj] < Ali]}
» NSV[i] = min{j € (i, n]: Alj] < Ali]}

@ close to the suffix in SA

® |ongest possible common prefix

& before the suffix in text order

2023-11-20
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PSV 0 0 O

NSV 2 3 oo 5

8 oo 10 11 o0 13

LCP 0 0 1 2

6
a
3
3 6 3 8 8 8 11 11
8
5

NfoOO|lw| oo o

02 1 1 4 0 3
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Ui

Previous and Next Smaller Values (1/2)

geflmtlon: Previous and Next Smaller Value 1 23 458 8 9 10 11 12 13
M2V T a b a b c a c a b b a$
LetA[1S..n] be an integer array, then G B 21 96 8 29 405
@ PSV|il = max{j € [1,i): Alj] < A[i
[] {] [ ) D] []} PSV 0 0 0 3 3 3 6 3 8 8 8 11 11
® NSV[i] = min{j € (i, n]: Alj] < Ali]}
NSV 2 3 o5 6 8 8 oo 10 11 o0 13 ™
In the Context of SA LCP 0 0 1 2 2 5 0 2 1 1 4 0 3

® close to the suffix in SA
® |ongest possible common prefix - %ﬁﬁ% PINGO how fast can we compute
® before the suffix in text order NSV/PSV?
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Previous and Next Smaller Values (2/2)

o o s W N =

16/24

® both arrays can be computed in linear time
@ consider the PSV array

® prepend —oo at index 0

Function ComputePSV(SA with —o0):
fori=1,....,ndo
j=i—1
while j > 1 and SA[i] < SA]j] do
| j=PSV[]]
PSV[i] = j
return PSV
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Previous and Next Smaller Values (2/2)

o o s W N =

16/24

® both arrays can be computed in linear time
@ consider the PSV array

® prepend —oo at index 0

Function ComputePSV(SA with —o0):
fori=1,....,ndo
j=i—1
while j > 1 and SA[i] < SA]j] do
| j=PSV[]]
PSV[il =j
return PSV
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follow already computed values
nothing in between can be PSV
compare each element at most twice
compute PSV and NSV in O(n) time
example on the board
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NSV, PSV, and RMQ
Recap: Range Minimum Queries ol a4 s 6 7 8 s M0l 12 13
® for a range [¢..r], return position of smallest T 2 b oAb eabealb ooa @
entry in an array in that range
, , SA 13121 9 6 3 11 2 10 7 4 8 5
® query time: O(1) using O(n) space
PSV 0 0 0 3 3 3 6 3 8 8 8 11 11
® can be used to compute the Icp-value of any
two suffixes using the LCP-array NSV 2 8 oo 5 6 8 8 oo 10 11 o0 13 o0
LCP 0 01 2 2 5 02 1 1 4 0 3

® use all arrays to find lexicographically closest
suffixes

® that occur before current suffix in text order &=
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LZ77 Factorization using SA, ISA, LCP, NSV, PSV, and RMQs ﬂ(IT

Function LZ77(SA, ISA, LCP, RMQ, PSV, NSV):

1 pos = 1

2 while pos < ndo

3 psv = SA[PSV[ISA[pos]]]

4 nsv = SA[NSV[ISA[pos]]]

5 if Icp(pos, psv + 1) > Icp(pos + 1, nsv) then
6 | ¢ = Icp(pos, psv + 1) and p = psv
7 else

8 | ¢ = Icp(pos + 1, nsv) and p = nsv
9 if { = 0 then p = pos

10 new factor (¢, p)

11 pos = pos + max{/{, 1}

® bring your own example
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Karlsruhe Institute of Technology

LZ77: Running Time ﬂ(IT

The LZ77 factorization of a text of length n can be
computed in O(n) time

® SA LCP, PSV, NSV, RBMQ,cp can be
computed in O(n) time
m for each text position only O(1) time
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Lempel-Ziv 78 [ZL78] IT

Definition: LZ78 Factorization

Given a text T of length n over an alphabet ¥, the
LZ78 factorization is

® 3 setof zfactors fy, b, ..., f, € T, such that
@ T=ffh.. f,fy=ecandforallic[1,z]

wiffi...fi_y = T[1..j— 1], then f; is the longest
prefix of T[j..n], such that

Ik e [0,i),a € XU{$}: fx = fix
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Lempel-Ziv 78 [ZL78]

Given a text T of length n over an alphabet ¥, the
is
® 3 setof zfactors fy, b, ..., f, € T, such that
@ T=ffh.. f,fy=ecandforallic[1,z]

wiffi...fi_y = T[1..j— 1], then f; is the longest
prefix of T[j..n], such that

Ik e[0,i),a e ZU{$}: fk = f
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Lempel-Ziv 78 [ZL78] ﬂ(IT

T = abababbbbaba$
Given a text T of length n over an alphabet ¥, the
is ®fi=a
® 3 setof zfactors fy, b, ..., f, € T, such that
@ T=ffh.. f,fy=ecandforallic[1,z]

wiffi...fi_y = T[1..j— 1], then f; is the longest
prefix of T[j..n], such that

Ik e[0,i),a e ZU{$}: fk = f
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Lempel-Ziv 78 [ZL78]

T = abababbbbaba$
Given a text T of length n over an alphabet ¥, the
is ®h=a
® 3 setof zfactors fy, b, ..., f, € T, such that ® =
@ T=ffh.. f,fy=ecandforallic[1,z]

wiffi...fi_y = T[1..j— 1], then f; is the longest
prefix of T[j..n], such that

Ik e[0,i),a e ZU{$}: fk = f
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Lempel-Ziv 78 [ZL78]

T = abababbbbaba$

Given a text T of length n over an alphabet ¥, the
iS a f1 = a
® 3 setof zfactors fy, b, ..., f, € T, such that : =b
@ T=ffh.. f,fy=ecandforallic[1,z]
wiffi...fi_y = T[1..j— 1], then f; is the longest
prefix of T[j..n], such that

Ik e[0,i),a e ZU{$}: fk = f
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Lempel-Ziv 78 [ZL78]

Definition: LZ78 Factorization

Given a text T of length n over an alphabet ¥, the
LZ78 factorization is

® 3 setof zfactors fy, b, ..., f, € T, such that

@ T=ffh.. f,fy=ecandforallic[1,z]

wiffi...fi_y = T[1..j— 1], then f; is the longest
prefix of T[j..n], such that

Ik e [0,i),a € XU{$}: fx = fix
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T = abababbbbaba$

If1:a
.f2:b
-f3:ab
.f4:abb
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Lempel-Ziv 78 [ZL78]

Definition: LZ78 Factorization

Given a text T of length n over an alphabet ¥, the
LZ78 factorization is

® 3 setof zfactors fy, b, ..., f, € T, such that

@ T=ffh.. f,fy=ecandforallic[1,z]

wiffi...fi_y = T[1..j— 1], then f; is the longest
prefix of T[j..n], such that

Ik e [0,i),a € XU{$}: fx = fix
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T = abababbbbaba$

®fi=a ® f,=hb
.f2:b

-f3:ab

!f4:abb
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Lempel-Ziv 78 [ZL78] ﬂIT

Definition: LZ78 Factorization T = abababbbbaba$

Given a text T of length n over an alphabet ¥, the

LZ78 factorization is @ fi=a & f5 = bb
® asetof zfactors fi, b, ..., f, € £T, such that : :Qbe ® f, = aba
3—=a

@ T=ffh.. f,fy=ecandforallic[1,z]

wiffi...fi_y = T[1..j— 1], then f; is the longest
prefix of T[j..n], such that

a f4:abb

Ik e [0,i),a € XU{$}: fx = fix
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Lempel-Ziv 78 [ZL78]

Definition: LZ78 Factorization

Given a text T of length n over an alphabet ¥, the
LZ78 factorization is

® 3 setof zfactors fy, b, ..., f, € T, such that

@ T=ffh.. f,fy=ecandforallic[1,z]

wiffi...fi_y = T[1..j— 1], then f; is the longest
prefix of T[j..n], such that

Ik e [0,i),a € XU{$}: fx = fix
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T = abababbbbaba$

afi=a @ f; = bb
af=>hH

af=
"= s = aba
!f4:abb .f7:$
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Lempel-Ziv 78 [ZL78] ﬂIT

Definition: LZ78 Factorization T = abababbbbaba$

Given a text T of length n over an alphabet ¥, the

LZ78 factorization is @ fi=a & f5 = bb
® asetof zfactors fi, b, ..., f, € £T, such that : :Qbe ® f, = aba
3—=a

@ T=ffh.. f,fy=ecandforallic[1,z]

wiffi...fi_y = T[1..j— 1], then f; is the longest
prefix of T[j..n], such that

!f4:abb .f7:$

® T = abababbbbaba$
Ik e [0,i),a € XU{$}: fx = fix
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LZ78 Factorization using a Dynamic Trie

@ use dynamic trie to hold computed factors
® our fastest easy to use dynamic trie is?
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LZ78 Factorization using a Dynamic Trie

@ use dynamic trie to hold computed factors
® our fastest easy to use dynamic trie is?
® ysing arrays of fixed size
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LZ78 Factorization using a Dynamic Trie
@ use dynamic trie to hold computed factors T = abababbbbaba$
® our fastest easy to use dynamic trie is?
A A q a f1 = a a f5 = bb
® ysing arrays of fixed size e
T @ f; = aba
a =
| f, = abb af=3%
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LZ78 Factorization in Linear Time

Lemma:

The LZ78 factorization of a text of length n can be
computed in O(n) time
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LZ78 Factorization in Linear Time

The LZ78 factorization of a text of length n can be
computed in O(n) time

@ search each character of the text at most once
(in the trie)

® insert each character of the text at most once
(in the trie)
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Sliding Window @

® memory usage of the LZ78 factorization very
high

consider only a sliding window of the text
only factors in the window are found
space/compression rate trade-off

used in practice
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Conclusion and Outlook

This Lecture Linear Time Construction

a different compression methods for texts
. ST SA
® entropy coding
@ dictionary compression
Lz | LCP
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Conclusion and Outlook

This Lecture

a different compression methods for texts
® entropy coding
@ dictionary compression

LZ77 and LZ78 have been generalize,
improved, and combined: @ a [ot!

Lz77
® | 7SS, LZB, LZR, LZH, ...
e | 778
a | ZC, LZY, LZW, LZFG, LZMW, LZJ, . ..
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SKIT

Conclusion and Outlook

This Lecture Linear Time Construction

a different compression methods for texts
. ST SA
® entropy coding
@ dictionary compression
LCP

LZ

LZ77 and LZ78 have been generalize, J

improved, and combined: @ a [ot!

Lz77
m | 7SS, LZB, LZR, LZH, ... ® easy to compress index

m | 778

® | ZC, LZY, LZW, LZFG, LZMW, LZJ, ...
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